Let H be a multiplicative subgroup of F * p of order H > p 1/4 . We show that
Introduction
Let p be a large prime number and F p be the prime field of order p. We always assume that the elements of F p are represented by the set {0, 1, . . . , p − 1}. Let H be a multiplicative subgroup of F * p of order H = |H|.
We also denote e p (z) = exp(2πiz/p). The problem of obtaining nontrivial upper bounds for the exponential sum
is a classical problem with a variety of results and applications in number theory. The classical result of Gauss implies that if H = (p − 1)/2, then |S a (H)| = p 1/2 . From the work of Hardy and Littlewood on the Waring problem it is known that |S| < p 1/2 , which is non-trivial when H > p 1/2 . The problem of obtaining nontrivial bounds for H < p 1/2 has been a subject of much research, see [4, 7, 8, 13] . Using the sum-product estimate and other tools from additive combinatorics Bourgain, Konyagin and Glibichuk [4] proved that if H > p ε , then
where δ > 0 depends only on ε. Prior to their work, this estimate had been only known under the assumption H > p 1/4+ε due to Konyagin. In the limiting case H ∼ p 1/4 Bourgain and Garaev [3] obtained the following explicit bound: (1) .
The argument of [3] is based on explicit trilinear exponential sum estimates obtained in the same paper, and also on a bound of Konyagin [8] on the number T m (H) of solutions of the congruence
Since the work [3] there have been significant developments on sumproduct problems which have lead to new trilinear sum estimates of Macourt [9] and Petridis and Shparlinski [11] . Moreover, new bounds for T m (H) have been obtained by Murphy, Rudnev, Shkredov and Shteinikov [10, Theorem 3 and Corollary 7] for the cases m = 2 and m = 3, and by Shkredov [12] for the case m ≥ 4. In the present paper, combining these estimates with the argument from [3] , we improve the estimate (1.2), replacing 175/9437184 = 1.854 . . . × 10 −5 with 31/2880 = 1.076 . . . × 10 −2 .
Next, we consider the double sum involving intervals and subgroups. Let
This sum is a special case of a more general family of exponential sums considered by Bourgain [2] , and more recently by Garaev [6] and Shparlinski and Yau [14] . In the present paper we obtain new estimates for S a (N , H).
Notation
In what follows, we use the notation A B to mean that |A| < Bp o(1) , or equivalently, for any ε > 0 there is a constant c(ε), which depends only on ε, such that |A| ≤ c(ε)Bp ε . We also recall that the standard notations A = O(B), A ≪ B and B ≫ A are each equivalent to the statement that the inequality |A| ≤ c B holds with a constant c > 0 which is absolute throughout this paper.
Our results
We start with a bound on the sums S a (H) over small subgroups given by (1.1). 
and
This improves the result of [6, Theorem 1] in the case of subgroups.
Note that Theorem 3.2 is based on results of [10, Theorem 3 and Corollary 7] and is trivial when NH 3 < p. By using a result of [12] in the proof instead, one can improve this range. However, proceeding as in the proof of Theorem 3.1, we also obtain the following stronger result. Furthermore, it is easy to see that for H ∼ p 1/4 Theorem 3.3 improves the bound NH 1−31/2880 which follows directly from Theorem 3.1 provided that N ≥ p 89/480+ε for some fixed ε > 0.
Tools
We need the following trilinear exponential sum bound, which is due to Petridis and Shparlinski [ 
Let now J(N , H) be the number of solutions of the equation
We also need the result from [6, Corollary 1] which is based on the work of Cilleruelo and Garaev [5] .
Lemma 4.4. The following bound holds:
We remark that when N starts from the origin (that is, if L = 0 in the definition of N ), the first term H 2 on the right hand side can be removed. It is also to be mentioned that a result similar to Lemma 4.4 has been obtained by Banks and Shparlinski [1] for arbitrary sets instead of H.
Proof of Theorem 3.1
Fix an element a ∈ F * p and let ∆ = 1 H x∈H e p (ax) .
Hence we now have to prove an upper bound on ∆. We can assume that 
Hence
Recalling that |S a (H)| = H∆ and changing the order of summation, we obtain
Discarding the contribution to the right hand side of (5.2) (not exceed-
Let F i be the set of triples (x 1 , x 2 , x 3 ) ∈ F * with
Clearly, the sets F i are non-empty for O(log H) values of i. Thus, we see from (5.3) that there exists i 0 = O(log H) with
Setting G 1 = F i 0 , we see that we can find a set G 1 ⊆ H 3 and a number ∆ 1 , with
such that for any (x 1 , x 2 , x 3 ) ∈ G 1 we have
To estimate the cardinality |X | we denote by J(x) the number of representations of
Applying the Cauchy-Schwarz inequality, we see that by Lemma 4.3 and the bound (5.4) we have
Recalling our assumption (5.1) we see that if p is large enough then Applying the Cauchy-Schwarz inequality, we get
Again from the previous dyadic argument however with respect to pairs (z 1 , z 2 ) ∈ H 2 , we see that we can find a set G 3 ⊆ H 2 and a number ∆ 3 with (5.11)
such that for any (z 1 , z 2 ) ∈ G 3 we have (5.12) x∈X y∈Y e p (axy(z 1 − z 2 )) ≥ |X ||Y|∆ 3 . Define X = {nh : (n, h) ∈ G 1 } and note that by the hypothesis on N , it cannot contain 0. By Lemma 4.4,
Then, for each x ∈ X satisfying (7.1), we get
where |θ| = 1, and does not depend on u. Hence, we find a subset G 2 ⊆ H 3 and ∆ 2 > 0, with 
